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ABSTRACT
The interiors of mature neutron stars are expected to be superfluid. Superfluidity
of matter on the microscopic scale can have a number of large scale, potentially observ-
able consequences, as the superfluid component of the star can now flow relative to the
‘normal’ component that is tracked by electromagnetic emission. The most spectacu-
lar of such phenomena are pulsar glitches, sudden spin-ups observed in many pulsars.
A background flow of a normal-fluid component with respect to the superfluid is also
known to lead to a number of instabilities in laboratory superfluids, possibly leading
to turbulence and modifying the nature of the mutual friction coupling between the
two fluids. In this paper we consider modes of oscillation in the crust and core of a
superfluid neutron star, by conducting a plane-wave analysis. We explicitly account
for a background flow between the two components (as would be expected in the pres-
ence of pinning) and the entrainment, and we consider both standard (Hall-Vinen)
and isotropic (Gorter-Mellink) forms of the mutual friction. We find that for standard
mutual friction there are families of unstable inertial and sound waves both in the case
of a counter-flow along the superfluid vortex axis and for counterflow perpendicular to
the vortex axis and find that entrainment leads to a quantitative difference between
instabilities in the crust and core of the star. For isotropic mutual friction we find
no unstable modes, and speculate that instabilities in a straight vortex array may be
linked to glitching behaviour, which then ceases until the turbulence has decayed.
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1 INTRODUCTION
Neutron stars (NSs) are unique objects composed of mat-
ter at extremes of temperature, density and pressure that
cannot be reproduced terrestrially. Describing their complex
inner structure requires theoretical methods consistent with
observations, which to date have been based on the analysis
of the electromagnetic radiation emitted by the star, which
carries mostly information on the processes in the magneto-
sphere or outermost, low density, layers. Despite the recent
detection of gravitational waves emitted during a NS merger
(Abbott et al. 2017), which is likely to deliver interesting
constraints on the equation of state of matter at high densi-
ties in the near future (Abbott et al. 2018), direct data from
the deep layers remains essentially inaccessible.
Nevertheless the state of matter in the stellar interior
has a strong impact on the dynamics and observed astro-
physical signals. In particular at high densities in the inner
crust of a NS, neutrons can pair and form a superfluid, with
protons also expected to be superconducting in the core (see
Haskell & Sedrakian (2018) for a recent review). Superflu-
idity and superconductivity profoundly alter the dynamics
of the components that can now flow relative to each other.
The most striking phenomena connected to superfluidity are
glitches, sudden spin-ups of the star, that are instantaneous
to the accuracy of the data, and are generally assumed to
be due to the sudden re-coupling of the interior superfluid
neutrons and the normal crust, which is tracked by the elec-
tromagnetic emission (Anderson & Itoh 1975; Haskell &
Melatos 2015). Glitches allow for an indirect probe of the
NS interior, and can be used to obtain constraints on physi-
cal parameters of the star (Alpar et al. 1984a; Ho et al. 2015;
Pizzochero et al. 2017; Akbal et al. 2017; Haskell et al. 2018).
The superfluid component, however, also has a strong im-
pact on the spectrum of oscillation of the NS, as the increase
of degrees of freedom leads to an increase in the number of
modes. This in turn will have observational consequences, as
modes of oscillation can lead to gravitational wave emission
(Andersson & Kokkotas 1998) and may be at the heart of
the observed quasi-periodic oscillations in the tail of mag-
netar giant flares (Watts & Strohmayer 2007; Passamonti &
Lander 2014; Gabler et al. 2016).
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The hydrodynamics of coupled superfluid and normal
fluid systems plays a key role in the analysis of not only NSs,
but also laboratory superfluids. In particular it is well known
that thermal counterflow of the normal fluid with respect to
the superfluid can generate turbulence, and that the vortex
array will be disrupted by the so called Donnelly-Glaberson
(DG) instability (Glaberson et al. 1974). Many experimen-
tal and theoretical studies have recently investigated coun-
terflow turbulence, and the link between the motion of the
normal fluid and that of the superfluid (Guo et al. 2010; Kiv-
otides 2011; Gao et al. 2017; Kivotides 2018). The instability
is a general feature of superfluids with vorticity, and is thus
likely to operate in NS interiors (Tsubota et al. 2003; Sidery
et al. 2008), as phenomena such as precession and Ekman
flow can lead to large scale motions along the rotation axis
(Peralta et al. 2005). The DG instability is not stabilized by
the magnetic field, and could play an important role in a
NS.(van Eysden & Link 2018).
Very few experiments (see e.g. Swanson et al. 1983;
Finne et al. 2003), however, have dealt with instabilities due
to counterflow coupled to rotation, which is a setup remi-
nisicent of the neutron star interior, in which the normal
component can rotate at a different rate with respect to the
neutron superfluid. A notable exception is represented by
the experiment of (Tsakadze & Tsakadze 1980), who consid-
ered rotating spherical containers of superfluid He II, that
abruptly changed angular velocity, and studied the relax-
ation of the fluid (see van Eysden & Melatos (2011) for a
recent analysis of the experiment).
To make progress in the neutron star problem we adopt
a hydrodynamical approach similar to that used in the study
of superfluid He II, the so called HVBK two fluid model (Hall
& Vinen 1956; Bekarevich & Khalatnikov 1961), and based
on the multi-fluid neutron star hydrodynamics proposed by
Andersson & Comer (2006). This allows us to study modes
of oscillation of the coupled fluids and investigate not only
the mode spectrum, but also which modes may be driven
unstable by the counterflow of the superfluid and normal
components. Such instabilities may signal the transition to
a turbulent state, and may both trigger a glitch and af-
fect the response of the fluid after the event. An example of
such trigger is the the Kelvin-Helmholtz instability on the
isotropic-anisotropic interface between the 1S0 and
3P2 neu-
tron superfluids close to the crust-core transition (Mastrano
& Melatos 2005). Another group of instabilities, namely two
stream instabilities, may also be related to glitches since the
entrainment effect could provide a sufficiently strong cou-
pling for the instability to be astrophysically plausible (Prix
et al. 2002; Andersson et al. 2003; Glampedakis & Andersson
2009; Andersson et al. 2013). Instabilities in pinned super-
fluids have been studied by Link (2012b,a), who considered
a regime in which vortices are pinned either to nuclei in
the crust, or to superconducting fluxtubes in the core of the
star, with only a small number of them ‘creeping’ out. On a
larger scale, the global flow in a NS may also be susceptible
to various instabilities in spherical Couette flow (Peralta &
Melatos 2009; Peralta et al. 2006a, 2008), and such insta-
bilities may also be related to timing noise in radio pulsars
(Melatos & Link 2014), and precession of the rotational axis
of NSs (Glampedakis et al. 2008, 2009).
In the present work a local three dimensional plane wave
analysis of equations of motion for a multiconstituent fluid
(Andersson & Comer 2006) is performed. We consider two
fluids, the superfluid neutrons and a normal charge neutral
fluid that consist of electrons and protons (Mendell 1991).
Dissipative coupling between the fluids is given by mutual
friction, while a non-dissipative coupling is due the entrain-
ment effect, that accounts for the reduced mobility of neu-
trons especially in the crust (Prix 2004; Chamel 2017). We
start from the analysis of Sidery et al. (2008), who anal-
ysed the oscillations of such a system, assuming the fluids
to be locked in the background configuration, and in our
calculation also allow for a velocity difference between the
constituents in the background, and explicitly account for
entrainment. Physically, such a background velocity differ-
ence will be built up if vortices are pinned in the crust or
core of the star, and is crucial for our analysis.
2 TWO FLUID HYDRODYNAMICS
Our starting point will be the multifluid formalism of An-
dersson & Comer (2006). We consider the hydrodynamical
equations of motion for two dynamical degrees of freedom,
the superfluid neutrons and a charge neutral fluid consisting
of protons and electrons locked together by electromagnetic
interactions on time scales shorter than those of interest for
our problem. The momentum equations take the form:(
∂
∂t
+ vjx∇j
)
p˜xi + εxw
yx
j ∇ivjx+
+∇i (ΦR + µ˜x) + 2ijkΩjvkx = fxi .
(1)
Indices x and y label the constituents, and the inequal-
ity x 6= y is always understood to be true. The proton-
electron fluid will be denoted as p (and often referred to as
the ‘proton’ fluid, as electrons ensure charge neutrality, but
only carry a small fraction of the inertia of the fluid) and
superfluid neutrons, labeled as n. Indices i, j, k label the spa-
cial coordinates. Summation over repeated indices is implied
(excluding the summation over constituent x and y indices).
The velocity of constituent x is vxi while w
yx
i = v
y
i − vxi is
the difference between velocities of components. The angu-
lar velocity of the star in the background configuration is
given by the vector Ωi, and we have included the centrifugal
term in the potential ΦR, that in spherical coordinates can
be written as
ΦR = Φ− 1
2
Ω2r2 sin θ2 , (2)
where Φ is the gravitational potential which is given by the
Poisson equation:
∇2Φ = 4piG
∑
x
ρx . (3)
µ˜x = µx/mx is the chemical potential per unit mass, and ρx
is the density of the x constituent. In the following we make
the approximation mp = mn = m. Finally the momentum
per unit mass p˜xi , which due to entrainment is not aligned
with the velocity vix, is:
p˜xi = v
x
i + εxw
yx
i , (4)
where εx is the entrainment coefficient. Assuming that indi-
vidual species are conserved the continuity equations are:
∂ρx
∂t
+∇j(ρxvjx) = 0 . (5)
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The force fxi on the right hand side of the equations (1) is the
vortex mediated mutual friction (Hall & Vinen 1956), and
it represents an average of individual interactions between
vortices and the normal fluid on the sub-hydrodynamical
scale. As such its form depends strongly on the properties
of the vortex configuration within the fluid. For straight vor-
tices and laminar flow, vortex mediated mutual friction force
takes the form (Andersson et al. 2006):
fxi =
ρn
ρx
nvB
′
ijkκ
jwkxy +
ρn
ρx
nvBijkκˆjklmκlwxym , (6)
where hats represent unit vectors, and the vector κi = κΩˆi
points along the vortex array, which is co-linear with the
rotation axis, and κ = h/2mn is the quantum of circulation.
The vortex density per unit area, nv, can be linked to the
average large scale vorticity ωi of the superfluid as
κinv = ω
i = ijk∇j p˜nk + 2Ωi , (7)
which for two fluids rotating rigidly around a common axis
with angular velocities Ωp and Ωn, reduces to
κinv = 2Ω
n
i + 2εn(Ω
p
i − Ωni ) . (8)
For vanishing entrainment, or if the two fluids co-rotate, the
above expression reduces to the standard Feynman-Onsager
relation for rotating superfluids, κinv = 2Ω
i
n.
The mutual friction parameters B and B′ in (6) can be
expressed in terms of dimensionless drag parameter R as:
B = R
1 +R2 , and B
′
=
R2
1 +R2 , (9)
where R encodes the microphysics of the dissipation pro-
cesses that give rise to mutual friction in the stellar interior.
Theoretical calculations provide values for the drag pa-
rameterR ≈ 10−4 for electron scattering on the vortex cores
in the NS core (Alpar et al. 1984b) and R ≈ 10−10 for
phonon scattering in the crust (Jones 1990). Higher value
R ≈ 1 are expected due to Kelvons in the crust (Jones
1992; Epstein & Baym 1992), if vortices are moving rapidly
past pinning sites. Using the two fluid model of Khomenko
& Haskell (2018), that allows for vortex accumulation and
differential rotation, Haskell et al. (2018) recently derived
values of R from observations of glitches in Vela and Crab
pulsar. They lies in the ranges B ≈ 10−4−10−3 for the Vela
core and B ≈ 10−5−10−4 for the Crab crust. Similar results
were obtained by (Graber et al. 2018), who also calculated
the density dependence of the Kelvon mutual friction pa-
rameter.
In the presence of turbulence, however, the vortex array
is disrupted, and a vortex tangle is likely to develop. In this
case the form of the mutual friction in (6) will no longer be
appropriate. The form of the mutual friction to be used in
the case of a polarized turbulent tangle in a neutron star is
highly uncertain (Andersson et al. 2007), however in analogy
to the cause of homogeneous isotropic turbulence in He-II,
we will consider the form proposed by Gorter & Mellink
(1949)
f ix = −ρn
ρx
AGMw
2
xy w
i
xy , (10)
where the parameter AGM has the dimensions of the inverse
of a circulation and w2xy = w
i
xyw
xy
i . As discussed by Ander-
sson et al. (2007), this form is essentially phenomenological
and its relevance for neutron stars is still unclear. However,
it is interesting to use this form of mutual friction as a com-
pletely different, physically motivated, alternative to (6), to
investigate the effects of fully developed turbulence on the
mode structure of the star.
3 PERTURBED EQUATIONS OF MOTION
We begin our analysis by linearising the equations of motion
in a frame rotating with angular velocity Ω = Ωp. Formally
we expand a generic quantity Q in a neighbourhood of a
certain position r, as
Q(r, t) ≈ QB(r) + δQ(r, t) , (11)
where QB is the background (time independent) value of
the field, and the perturbation is assumed to be such that
|δQ|  |QB |. With this in mind, the perturbed continuity
equation follows from (5) and is:
∂δρx
∂t
+∇j(vxj δρx + ρxδvxj ) = 0 , (12)
while from (1) we obtain:
(∂t + v
j
x∇j)(δvxi (1− εx) + wyxi δεx + εxδvyi ) + δvjx∇j p˜xi+
δ(εxw
yx
j ∇ivjx) +∇i(δµ˜x + δΦR) + 2ijkΩjδvkx = δfxi ,
(13)
where δfxi is a perturbed mutual friction contribution. In
order to keep our equations tractable we apply the Cowling
approximation, taking δΦR = 0. Using equation (4), we can
thus expand (13) to write
(∂t + v
j
x∇j)(δvxi (1− εx) + εxδvyi + wyxi δεx) + δvjx∇jvxi +
εxδv
j
x∇jwyxi + εx(δwyxj ∇ivjx + wyxj ∇iδvjx) + δεxwyxj ∇ivjx+
∇iδµ˜x + 2ijkΩjδvkx = δfxi ,
(14)
where
δwixy = δv
i
x − δviy. (15)
3.1 Thermodynamical relations
As it is clear from the form of the perturbation equations in
the previous section, to compute the effect of a velocity per-
turbation we need to calculate perturbations of the chemical
potential and of the entrainment. For a charge neutral two-
fluid system it is known that a complete thermodynamic
description in the zero temperature limit can be achieved
by considering the two densities ρx, the squared velocity
lag between the two species w2yx and the related intensive
variables, namely the two chemical potentials per unit mass
µ˜x and a dimensionless parameter α which regulates the
strength of the conservative entrainment coupling between
the two species (Prix 2004). In particular, the first law of
thermodynamics can be expressed as (Andersson & Comer
2001a; Andersson et al. 2006)
dE = µ˜x dρx + µ˜y dρy + αdw
2
yx , (16)
where E is the energy density of the fluid mixture, while the
intensive variables are given by
µ˜x =
∂E
∂ρx
∣∣∣
ρyw2yx
and α =
∂E
∂w2yx
∣∣∣
ρxρy
. (17)
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The parameter α has the dimensions of a mass density and is
related to the usual dimensionless entrainment parameters
εx via (Prix 2004; Carter et al. 2006)
εx =
2α
ρx
. (18)
Therefore, the variation δεx is related to the variations of
the more basic thermodynamic quantities α and µ˜x as
δεx =
2 δα
ρx
− εx δρx
ρx
. (19)
While for the chemical potential we need to calculate
δµ˜x =
∂µ˜x
∂ρx
δρx +
∂µ˜x
∂ρy
δρy +
∂µ˜x
∂w2yx
δ(w2yx) . (20)
The derivatives of chemical potential with respect to the
squared background velocity may be computed using the
first law of thermodynamics in (16), which leads to:
∂µ˜x
∂w2yx
=
∂2E
∂w2yx∂ρx
=
∂
∂ρx
(
∂E
∂w2yx
)
=
∂α
∂ρx
, (21)
which, from (18) gives:
∂µ˜x
∂w2yx
=
1
2
εx +
1
2
ρx
∂εx
∂ρx
. (22)
We are now ready to calculate perturbations of the entrain-
ment and chemical potential. To do this we introduce the
sound velocities cx, the chemical couplings Cx (Andersson
& Comer 2001b) and two additional parameters related to
the dependence on the lag of α and the chemical potentials,
c2x = ρx
∂µ˜x
∂ρx
Cx = ρy
∂µ˜x
∂ρy
= ρy
∂µ˜y
∂ρx
Ax =
4
ρx
∂α
∂w2np
αx = 2
∂α
∂ρx
= 2
∂µ˜x
∂w2np
= εx + ρx
∂εx
∂ρx
.
(23)
Note that our definition of c2x coincides with the one used by
Sidery et al. (2008). In our more general analysis, we let the
entrainment vary according to the thermodynamic relations,
which forces us to introduce also Ax and αx, at least at this
formal level. There are no estimates in the literature for the
parameters Ax in a neutron star, so in the following we will
neglect it and set Ax = 0 in practical examples. The pa-
rameter Cx is also highly uncertain and generally computed
from phenomenological models (Prix et al. 2002), while for
αx one can obtain an estimate in the inner crust, shown in
Fig 1, by assuming that the ratio between the densities of
the two species is frozen at its chemical equilibrium value.
In this case one has that
εx + ρx
∂εx
∂ρx
≈ εx + nB ∂εx
∂nB
(24)
where nB represents the total baryon number density. This
rough argument gives a plausibility interval for the unknown
values of α.
Thanks to the fact that δw2xy = 2(v
x
i − vyi )(δvix − δviy),
the variation of the chemical potentials can be conveniently
written as
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
nB  [fm 3]
20
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n + nB n/ nB
nB n/ nB
Figure 1. Estimate of the quantity αx as a function of the total
baryon number density nB in the inner crust of a neutron star.
We interpolate the orange crosses, that indicate the entrainment
parameters εx in the inner crust calculated by Chamel (2012). The
green dashed line is a rough estimate of αx, the red dotted line
quantifies the absolute error that arises by considering αx ≈ εx,
according to equation (24).
δµ˜x =
∂µ˜x
∂ρx
δρx +
∂µ˜x
∂ρy
δρy +
∂µ˜x
∂w2yx
δw2yx
= c2x
δρx
ρx
+ Cx
δρy
ρy
+ αx w
yx
i δw
i
yx .
(25)
Following the same procedure, we can write for the en-
trainment:
δα =
∂α
∂ρx
δρx +
∂α
∂ρy
δρy +
∂α
∂w2yx
δw2yx
=
αxρx
2
δρx
ρx
+
αyρy
2
δρy
ρy
+
Axρx
2
wyxi δw
i
yx .
(26)
which combined with equations (25) and (26) with (19),
leads to
δεx = Axw
i
yxδw
yx
i + (αx − εx)
δρx
ρx
+ αy
δρy
ρx
. (27)
3.2 Perturbing the mutual friction
The next step is to perturb the mutual friction. Let us start
by considering the anisotropic form valid for a straight vor-
tex array, given in (6). In this case it is
δfxi =δ
(
ρn
ρx
)
[nvκ
jB′ijkwkxy + nvκlBijkκˆjklmwxym ]+
ρn
ρx
nvκ
jB′εijkδwkxy + ρn
ρx
nvκlBεijkκˆjεklmδwxym +
ρn
ρx
δ(nvκ
j)B′εijkwkxy + ρn
ρx
δ(nvκl)Bεijkkˆjklmwxym +
ρn
ρx
nvκlBεijkδ(κˆj)εklmwxym .
(28)
where we have assumed that δB = δB′ = 0. In principle one
could vary also these quantities, but given the large uncer-
tainties on these coefficients, and to simplify our analysis,
we choose to ignore their perturbations. In order to discuss
MNRAS 000, 1–16 (2019)
Hydrodynamical instabilities in superfluid neutron stars 5
the terms in a more tractable form, and keep track of their
physical origin, we separate the expression above in the fol-
lowing way:
δfxi = (δfi)sound + (δfi)w + (δfi)nvκ + (δfi)κˆ . (29)
The first term, (δfi)sound connects sound waves and the mu-
tual friction and takes the form
(δfi)sound =
(
δρn
ρx
− ρn
ρ2x
δρx
)
(nvκ
jB′ijkwkxy+
+ nvκlBijkκˆjεklmwxym ) . (30)
The term, containing the perturbations of the background
velocity, which would exist also if the fluids co-rotate in the
background, is:
(δfi)w =
ρn
ρx
nv(κ
jB′ijkδwkxy + κlBijkκˆjklmδwxym ) . (31)
The final two terms, (δfi)nvκ and (δfi)κˆ depend on vari-
ations of the vorticity, both in magnitude and direction,
and to calculate them we need to perturb the vorticity
ωi = κinv, so that
δ(κinv) = δω
i = ijk∇jδp˜nk (32)
which using
δp˜ix = (1− εx)δvix + εxδviy + wiyxδεx , (33)
gives
δωi =(1− εn)ijk∇jδvnk + εnijk∇jδvpk
+ ijk∇j(δεn)wpnk .
(34)
We also need to perturb the vorticity unit vector κˆi = ωˆi,
which can be done readily in terms of a projection operator
⊥ that projects orthogonally to the vortex lines:
δκˆi = δωˆi =
1
|ω| ⊥
i
a δω
a =
1
|ω| (δ
i
a − ωˆiωˆa) δωa . (35)
We can thus write
(δfi)nvκ =−
ρn
ρx
B′(wkxy∇kδp˜in − wkxy∇iδp˜nk)+
ρn
ρx
B(κˆmwxym ith∇tδp˜hn − wxyi κˆllth∇tδp˜hn) ,
(36)
and
(δfi)κˆ =
ρn
ρx
Bκˆi(wsxyslm∇lδp˜mn − wxyq κˆqtlmκˆt∇lδp˜mn ) , (37)
which, together with (33) completes our calculation of the
perturbed mutual friction. Before moving on, let us remark
that we could have obtained our expression directly in terms
of the perturbed vorticity δωi, by noting that the term
ijkωˆ
jklmωlw
yx
m in the expression in (6) for the mutual fric-
tion, can be written in terms of the projection operator in
(35) as
ijkωˆ
jklmωlw
yx
m = −|ω| ⊥ji wyxj . (38)
and that
− δ ( |ω| ⊥ji wyxj ) = δωi (ωˆjwyxj ) + ωˆi (wjyxδωj)+
− (ωˆjδωj)(⊥ki wyxk )− |ω|(⊥ki δwyxk ) . (39)
Figure 2. Sketch of the geometrical definitions used: the vector r
indicates the position of a small sample of matter inside the star.
The local Cartesian system of coordinates is chosen to be right-
handed in such a way that the z-axis is parallel to the direction
identified by Ω, the x-axis defines the direction of the cylindrical
radius and the y-axis is locally parallel to the azimuthal direction.
The coordinates x, y and z identify the position x introduced in
equation (41).
3.2.1 Isotropic mutual friction
We consider also perturbations of the isotropic mutual fric-
tion force in (10), proposed for the case in which we have
fully developed turbulence and an isotropic vortex tangle.
In this case the perturbations of the vorticity play no role
and from equation (10) we have:
δf
x(GM)
i = −
ρn
ρx
AGM
{
|wxy|2 δwxyi + 2(wjxyδwxyj )wixy
}
−
δ
(
ρn
ρx
)
AGM |wxy|2 wixy .
(40)
4 PLANE WAVE ANALYSIS
We are now ready to study the oscillation spectrum of our
neutron star model, and to do so we will make the plane wave
approximation. To do this we assume that our oscillations
can be described as plane waves in a neighbourhood r+x of
the point r at which we calculated our background quantities
QB(r), so that
Q(r + x, t) ≈ QB(r) + δQr(x, t) , (41)
with
δQr = Q¯ e
i(kjxj−ωt) . (42)
We assume that |x|  |r|, so that all gradients of back-
ground quantities are ignored in our perturbation equations.
We use a local cartesian coordinate system, as sketched in
figure 2, which is taken to be co-rotating with the normal
component, such that Ω = Ωp and vp = 0 in the following.
This naturally implies that
winp = v
i
n . (43)
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Each perturbed quantity δQ can be expressed in terms of the
two fields δvin and δv
i
p by means of the continuity equations
and of the thermodynamic relations and it will be convenient
to express the amplitude Q¯ as:
Q¯ = Qna v¯
a
n + Q
p
a v¯
a
p . (44)
Following this procedure, the perturbed version of the Euler-
like equations (1) can be used to define a linear system of
six equations for the six independent amplitudes v¯ix which
has the form ∑
y
′
=n,p
M x y
′
i j v¯
j
y
′ . (45)
The only way to have non trivial solutions of the above equa-
tion is to impose that det (M) = 0. The determinant of (45)
is in general a high degree polynomial in the components
of the wave vector k and of the frequency ω and requires
a numerical analysis. Particular cases that can be studied
analytically will, however, be presented in the following sec-
tions.
To calculate the components of the matrix in (45) first
of all we insert the plane wave ansatz in the continuity equa-
tion (12), to obtain
ρ¯x = ρ
xx
i v¯
i
x , where ρ
xx
i =
ρx ki
ω − kivix . (46)
We also need the plane wave perturbations of the chemical
potential and entrainment, which from (25) and (27), are:
µ¯x =
[
c2x
ρxxi
ρx
+ αxv
i
xy
]
v¯ix +
[
Cx
ρyyi
ρy
− αxvixy
]
v¯yi , (47)
and
ε¯x =
[
(αx − εx)ρ
xx
i
ρx
+Axv
i
xy
]
v¯xi +
[
αy
ρyyi
ρx
−Axvixy
]
v¯yi . (48)
With the above expressions at hand we can now com-
pute the plane wave perturbations of the Euler equations
in (14). The full result is complex, but a procedure to ob-
tain all the variations in the presence of a background lag
and with no approximations is given in Appendix A. It is,
however, instructive to study the case in which we neglect
perturbations of the entrainment and set δεx = 0 and also
neglect terms involving ∂εx/∂ρx, so that one has αx ≈ εx in
(47). In this case the Euler equations can be written as
i(kjv
j
x − ω)[v¯xi (1− εx) + εxv¯yi ] + 2ijkΩj v¯kx−
iki(c
2
x
kj v¯
j
x
kjv
j
x − iω
+ Cy
kj v¯
j
y
kjv
j
y − iω
− εxv¯jywyxj ) = δfi ,
(49)
where defining p¯kn = v¯
k
n + εnw¯
k
pn, we have
δfi =
(
ρ¯n
ρx
− ρn
ρ2x
ρ¯x
)
nvκ
jB′ijkwkxy+(
ρ¯n
ρx
− ρn
ρ2x
ρ¯x
)
nvκlBijkκˆjklmwxym +
ρn
ρx
nvκ
jB′ijkw¯kxy + ρn
ρx
nvκlBijkκˆjklmw¯xym−
ρn
ρx
B′(iwkxykkp¯ni − iwkxykip¯nk)+
ρn
ρx
B(iκˆmwxym ithktp¯hn − iwxyi κˆllthktp¯hn)+
ρn
ρx
Bδzi (iwsxyslmklp¯mn − iwxyz zlmklp¯mn ) .
(50)
5 WAVES IN THE ABSENCE OF MUTUAL
FRICTION
In this section we consider some simple examples where
progress can be made analytically, before moving on to the
numerical results for the full set of equations. In particu-
lar we will first consider sound waves and inertial waves in
the limit of vanishing mutual friction, and show how mutual
friction can damp or drive some of the modes instable. The
approximations will be outlined for each case as we proceed.
5.1 Sound waves
Let us begin by considering pure sound waves. If we set
Ω = εx = wnp = vn = 0 in (49) and (50) the dispersion
relation follows from
ω2(c2pk
2 − ω2)(c2nk2 − ω2) = 0 (51)
we recover simply two branches of sound waves, one for each
fluid
ω = ±kcn (52)
ω = ±kcp (53)
Including a background flow, still with Ω = εx = 0 does not
couple the fluids, and simply introduces a correction:
ω = (vni k
i) (54)
ω = ±kcn + (vni ki) (55)
ω = ±kcp (56)
5.1.1 Chemical coupling and entrainment
We now move on to considering the chemical coupling be-
tween the two fluids in the regime in which εx = wnp = vn =
0 and Ω = 0. In this case the dispersion relation follows from
ω4 ξ − ω2k2(Cε + c2ε ) + k4(c2nc2p − CnCp) = 0 , (57)
where we have defined
Cε = Cnεp + Cpεp = 4α
∂2E
∂ρn∂ρp
. (58)
and
c2ε = (1− εn)c2p + (1− εp)c2n , (59)
as well as the dimensionless parameter
ξ = 1− εn − εp . (60)
The roots of (57) are organized in four branches that
have the form
ω = ± k c1 ω = ± k c2 , (61)
where the constants c1 and c2 are two velocities for
entrainment-coupled sound waves,
c21 =
c2ε + Cε + ∆
2ξ
c22 =
c2ε + Cε −∆
2ξ
,
(62)
with
∆ =
√
(c2ε + Cε)2 − 4ξ(c2nc2p − CnCp) . (63)
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It is immediate to see that, in the limit of no entrainment
and no chemical coupling, c1 and c2 are exactly equal to cn
and cp of pure one-component sound waves. To grasp the
physical effect of chemical coupling we furthermore require
that c2x  Cx, Cy. In this limit it is useful to define ∆0 as
the limit of ∆ when Cx = 0,
∆0 =
√
c2ε − 4ξc2nc2p , (64)
so that the the limit of weak chemical coupling can be
equally seen as Cx/∆0  1. In this case, the velocities in
(69) can be expanded up to the second order in the chemical
couplings as
c21,2 =
c2ε + Cε ±∆0
2ξ
(
1± Cε
∆0
)
+
± CnCp
∆20
c4ε − 4ξc2nc2p
∆0
∓ C
2
ε
∆20
c2nc
2
p
∆0
+O(C4x) (65)
In the limit of εn = εp, and using the relation Cp =
ρp
ρn
Cn
we recover the result (Sidery et al. 2008):
ω = ±kcn[1 + ρp
2ρn
C2n
c2n(c2n − c2p) ] (66)
ω = ±kcp[1 + ρp
2ρn
C2n
c2p(c2p − c2n) ] (67)
However, retaining the entrainment terms, the lowest order
correction to the dispersion relation comes the term that
is linear in Cε: when entrainment is considered, the effect
of the chemical coupling on sound waves is enhanced. Note
that this result is independent of the assumption δεx = 0,
and remains the same also in the more general case in which
perturbations of the entrainment are considered.
5.1.2 Including rotation
We now consider the effect of rotation on the sound waves,
in the limit of no chemical coupling, i.e. we take Cp = Cn =
wnp = vn = 0 in the background. In this case the disper-
sion relation is still too complex to solve for a general case.
However if we consider sound waves with a dispersion rela-
tion of the form ω ∼ cxk, we expect that ω  Ω even for
the smallest possible k, which is of the order of the inverse
of the stellar radius R−1 (i.e. the sound velocity in nuclear
matter is such that cx  ΩR). Therefore, it is a very good
approximation to expand the two branches of ω2(k) to the
lowest order in Ω:
ω2(k) = k2 c21,2 + f1,2 Ω
2 +O(Ω4) , (68)
where
c21,2 =
c2ε ±∆0
2ξ
∆0 =
√
c4ε − 4ξc2nc2p , (69)
where c1 corresponds to the upper sign choice. The quanti-
ties f1 and f2 are
f1,2 =
2
ξ2∆0
[
(ξ2 + 1)∆0 ∓ 2(c2n + c2p)(ξ2 + ξ) sin2(θ)+
∓ c2ε(ξ2 + ξ + 1) cos(2θ)± c2εξ
]
, (70)
where f1 corresponds to the upper sign choice and θ is the
angle between Ω and k. Finally, combining the above ex-
pressions, we find that the correction to the four branches
of the dispersion relation for sound waves produced by the
Coriolis force is
ω(k) = ±
(
c1,2 k +
f1,2 Ω
2
2 c1,2 k
)
. (71)
which, neglecting entrainment (εn = εp = 0) reduces to
(Sidery et al. 2008):
ω ≈ cnk
[
1 +
2Ω2
c2nk2
(sin θ)2
]
(72)
ω ≈ cpk
[
1 +
2Ω2
c2pk2
(sin θ)2
]
. (73)
5.2 Inertial waves
We now continue to focus on the effect of rotation, but search
for solutions that are inertial waves, for which the dispersion
relation is not linear in k. If we set cn = cp = Cn = Cp we
find, as expected, families of inertial modes such that
ω = ±2Ω cos θ (74)
ω = ± 2Ω cos θ
(1− εn − εp) . (75)
In this case we still have two families of modes, but these
do not correspond to oscillations in the single fluids as in
the sound wave case, but rather represent an inertial mode
where the two fluids flow together, which represents the
standard inertial mode of the system, and a mode in which
the two fluid oscillate relative to each other, the frequency
of which is affected by entrainment (Haskell et al. 2009).
6 INCLUDING MUTUAL FRICTION
So far it has been assumed that the two fluids can oscillate
without any dissipation mechanism. The mutual friction will
couple the two fluids and generally tend to damp any relative
motion. To study this problem we consider a selection of
analytically tractable cases, and defer the reader to section
7 for the full analysis. We begin with a discussion of inertial
waves, as it is known that inertial modes may be dynamically
unstable in the presence of a background flow (Sidery et al.
2008; Prix 2004; van Eysden & Link 2018).
Let us start our analysis of inertial waves by considering
the weak drag regime, such that R  1, which results in
B′  B. We thus take B′ = 0, and also set cn = cp = Cn =
Cp = 0 as we are interested in inertial waves. In the case in
which there is no background flow, i.e. winp = v
i
n = 0, the
dispersion relation follows from[(
4(Ω cos θ)2 − ω2) (4(Ω cos θ)2
−(2BkiΩi(1 + ρ˜)− i(1− εn − εp)ω
)2]
= 0 , (76)
where ρ˜ = ρn/ρp. The solutions are still an undamped in-
ertial mode, which we identify with the co-moving mode,
as in this case there is no relative motion and no mutual
friction (note that in a full spherical analysis rotation cou-
ples the two motions at higher order, and results in mutual
friction damping even for the standard co-moving mode, see
Haskell et al. 2009), and the damped counter-moving mode,
modified by entrainment.
ω = ±2Ω cos θ (77)
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ω =
2Ω cos θ
1− εn − εp (±1− iB(1 + ρ˜)) (78)
Note that the denominator is always positive, 1−εn−εp > 0,
as required by stability on a microscopic scale (Carter et al.
2006). The mode is therefore always stable, but we see here
that our study of large scale hydrodynamical instabilities,
such as the one that would arise if 1−εn−εp < 0, successfully
capture a more general physical instability of the system.
6.1 Background flow
We now consider the physically realistic case in which the
fluids are not co-rotating in the background, for example
due to vortex pinning in the crust. The analysis is now more
involved, so we will consider two cases separately: counter-
flow along the axis of the vortex array (the DG instability),
and counterflow perpendicular to the axis.
6.1.1 The Donnelly-Glaberson instability
To study the instabilities that arise due to counterflow along
the vortex axis we specialize our setup, and consider only
modes propagating along the vortex axis, which is taken
to be alligned with the rotation axis along z. We thus have
kx = ky = 0. To begin our analysis we consider the simplified
case with no entrainment, i.e. εx = εy = 0 and also start
from the assumption ρ˜ = ρn/ρp = 0, which corresponds to
assuming that the mutual friction only acts on the neutrons.
This not only simplifies the calculations, but it corresponds
to assuming that the protons and electrons are ’clamped’ to
the normal fluid (e.g. their motion is entirely dictated by
the magnetic field). In this case the dispersion relation is:
ω(kzv
n
z + ω)(4Ω
2 − ω2)((2Ω− iBkzvnz )2
−(2BΩ + i(kzvnz − ω))2) = 0 . (79)
Which, apart from the trivial solutions corresponding to the
choice of coordinate system, has solutions:
ω = ±2Ω (80)
ω = ∓2Ω− 2iBΩ± iBkzvnz + kzvnz . (81)
The first solution corresponds to standard inertial waves
(the factor cos θ = 1 due to our choice of direction of k),
the second corresponds to the DG instability and is gener-
ally unstable as long as kzv
z > 0, i.e. |vn| > 2Ω/|kz|. If we
consider a standard pulsar such that 2Ω ≈ 100 rad/sec and
hydrodynamical scales such that |kz| < 1 cm−1, then we
have an instability if |vn| > 102 cm/s, which corresponds to
a lag of ∆Ω ≈ 10−4, in the outer layers of the star, which
is easily sustainable by pinning forces in the crust (Seveso
et al. 2016). Such an instability is thus always likely to be
present, as vortex bending and large scale flows in the nor-
mal fluid, coupled to the superfluid, will always induce coun-
terflow along the vortex array. The fact that the instability
exists even if ρ˜ = 0 and mutual friction is not acting on the
protons, suggests the instability will exist even in the pres-
ence of strong magnetic fields, as suggested by the analysis
of van Eysden & Link (2018).
If we relax our approximations, and take ρ˜ 6= 0 and
include entrainment in our analysis the full solution is in-
tractable. We thus consider the weak drag case, for which
R  1, and we can take B′ ≈ 0. Furthermore we consider
two limiting cases, the small entrainment limit, which is rele-
vant for the core of the star, and the large entrainment limit,
relevant for the crust. For small entrainment εn < εp  1,
we have
ω =± 2Ω(1 + εp)+
+
4BεpΩ2(Bkzvzn ± 2BΩ∓ ikzvzn)
B2[(kzvzn)2 ± 4Ωkzvzn + 4Ω2] + (kzvzn)2 ,
(82)
and
ω =(1 + εn)(±2Ω− 2iBΩ)∓ 2iBΩεp − iBkzvnz+
+ kzv
n
z − 4BεpΩ
2(Bkzvzn ± 2BΩ∓ ikzvzn)
B2[(kzvzn)2 ± Ωkzvzn + 4Ω2] + (kzvzn)2 .
(83)
We see that in the presence of a background flow en-
trainment modifies also the co-moving mode, which is now
potentially unstable. For weak drag, if we expand to first
order in B, we see that the mode is always unstable for
1
|kz| >
|vn|
4BεpΩ2 , (84)
which means that in the presence of a lag, due to core
pinning (e.g. of neutron vortices to proton fluxtubes), the
vortex array is generally unstable on all hydordynamical
lengthscales for standard parameters (B ≈ 10−4, Ω ≈ 100,
εp = 0.6, |vn| = 104 cm/s).
For the crust of the neutron star we can make the large
entrainment approximation, we to simplify our calculation
we take to be the limit εx −→∞. In this case the dispersion
relation is:
ω =− 2Ω(1 + ρ˜) + kzvzn − kzvzn(iB − ρ˜(1 + iB))
± i
√
(1 + ρ˜)S1
ω = + 2Ω(1 + ρ˜) + kzv
z
n + kzv
z
n(iB − ρ˜(1 + iB))
± i
√
(1 + ρ˜)S2
(85)
with:
S1 =
√
8(1− iB)kzvznΩ + (2iΩ + (B − i)kzvzn)2
S2 =
√
−8(1− iB)kzvznΩ + (2iΩ + (B − i)kzvzn)2 .
(86)
from which we can see that one of the modes is always gener-
ically unstable in the limit |kzvzn|/Ω  1, which we expect
to be satisfied in most cases in a NS interior.
6.1.2 Two stream instability
Let us now consider the case of a two stream instability,
in which there is a counterflow perpendicular to the vortex
axis, which we take to be aligned with the rotation axis such
that κˆi = Ωˆi = zˆi. We thus have vnx 6= 0, with vny = 0, vnz = 0,
and to keep the calculation tractable we consider the case
in which εx = 0 and take the protons to be clamped to the
normal fluid(ρ˜ = 0). The dispersion relation is:
ω(kxv
x
n − Bkyvxn − ω)(4Ω2 − ω2)
(4(1 + B2)Ω2 − 2iBΩ(−kxvxn +B kyvxn + 2ω)−
(kxv
x
n − ω)(kxvxn − Bkyvxn − ω)) = 0 . (87)
Apart from the trivial solution we now have solutions of the
form
ω = 2Ω− 2iBΩ + kxvxn ± 1
2
Bkyvxn ±
1
2
√
1− iBkxv
x
n
2Ω
+
B2k2y(vnx)2
16Ω2
(88)
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This mode can be unstable due to the induced flow in the
y direction caused by the background flow in the x direc-
tion. An expansion for B  1 reveals that the criterion for
instability is:
−Im(ω) = 2BΩ + 1
2
Bkxvxn < 0 (89)
This gives the condition for instability to develop:
vnx >
4Ω
|kx| , kx > 0 (90)
vnx < − 4Ω|kx| , ky < 0 (91)
Note, this condition doesn’t contain dependence on ky. To
obtain this we need expand to the second order in small
parameter |vn|/Ω, which leads to:
−Im(ω) = 2BΩ + B
2
kxv
x
n − B
3k3x(v
x
n)
3
64Ω2
− B
3kxk
2
y(v
x
n)
3
64Ω2
. (92)
As we can see mutual friction doesn’t affect the critical ve-
locity for the instability to set in, but affects its growth rate,
with higher mutual friction causing a faster rise of the in-
stability with increasing velocity.
6.2 The strong drag regime
We now move on to consider the case of a strong drag,
that corresponds to R  1, in which case the parameter
B′ can no longer be neglected. This case may be applicable
in regions with strong pinning (Ruderman et al. 1998; Link
2006, 2003), and may have important consequences for the
development of the r-mode instability (Haskell et al. 2009;
Glampedakis & Andersson 2009). Let us begin our analysis
by the equivalent of the DG instability, in which the relative
flow is along the vortex axis, taken to coincide with rota-
tional axis, or vnx = v
n
y = 0 and v
n
z 6= 0, and we also take
εx = 0. We consider the limit R  1 for which B ≈ 0 and
B′ ≈ 1. In this case the spectrum is given by:
ω = 2Ω− B′Ω(1 + ρ˜)− 1
2
kzv
z
n +
1
2
B′kzv
n
z ± 1
2
√
T1
ω = −2Ω + B′Ω(1 + ρ˜) + 1
2
kzv
z
n +
1
2
B′kzv
n
z ± 1
2
√
T2 ,
(93)
with
T1 =B
′2(−2Ω(1 + ρ˜) + kzvzn)2
+ 2B′kzvzn[2Ω(−1 + ρ˜) + kzvzn)] + (kzvzn)2
T2 =B
′2(2Ω(1 + ρ˜) + kzv
z
n)
2
+ 2B′kzvzn[2Ω(1− ρ˜) + kzvzn] + (kzvzn)2 .
(94)
For standard neutron star parameters these modes are not
unstable, and in fact if we expanding far B
′  1 we obtain:
ω = 2Ω + 2B′Ω + kzvzn ± B
′
kzv
z
n
ω = −2Ω + 2B′Ω + kzvzn ± B
′
kzv
z
n (95)
Which are stable, modified inertial modes.
6.2.1 Sound waves and mutual friction
To study the effect of mutual friction on sound waves we
can consider an expansion in Ω around the Ω = 0 solution
ω = ±cnk. Let us consider the modes of the superfluid, in the
clamped proton approximation. Defining θ to be the angle
between the wave vector and the rotation axis, we find, for
εx = Cx = wxy = vn = 0, we have:
ω(k) = ±cnk − iBΩ2 sin2 θ+
± Ω
2 sin2 θ
2cnk
(4− 8B′ + 4B′2 − 5B + B2 cos 2θ) . (96)
The effect of the mutual friction disappears when the wave
vector is aligned with the vorticity, i.e. θ = 0: in this case the
velocity perturbation is parallel to the vortex array and there
cannot be any mutual friction effect (all the cross products
in 28 are zero). Things are very different if a background
velocity lag is present (even if this lag is parallel to the vortex
array) because vorticity perturbations enter the game: this
will be investigated numerically in the next sections.
In the weak drag limit, we may set B′ ≈ R2 and B ≈ R
and the relevant terms become
ω = ±cnk − iRΩ2 sin2 θ ± Ω
2 sin2 θ
2cnk
(4 − 5R) . (97)
6.3 Isotropic (Gorter-Mellink) mutual friction
We now consider the Gorter-Mellink form for the mutual
friction in (10) to investigate if and how the presence of
an isotropic vortex tangle modifies the previous results. In
the limit kcn  AGM |vn|2 it is possible to write the exact
implicit form of the dispersion relation, which is:
ω(k) = ±2Ω| cos θ| − iα±I AGM |vn|2
(
1− f
±
I Ω
2
cnk2
)
ω(k) = ±
(
cnk +
2Ω2
cnk2
)
− iα±SAGM |vn|2
(
1− f
±
S Ω
2
cnk2
)
(98)
for inertial and sound waves respectively. Here f±I ∼ 1 and
f±S ∼ 1 are four involved functions of the angles between the
vectors vn, k and Ω, as well as the two positive functions
α±I > 0 and α
±
S > 0. Irrespectively of the mutual orientation
and magnitude of the three vectors (provided that kcn is
always much bigger than Ω and AGM |vn|2), we are always
in a damped regime in which the damping timescale is of
the order of A−1GM |vn|−2 for both inertial and sound waves.
It would thus appear that a rectilinear vortex array is
rapidly destabilized as unstable inertial modes develop due
to counterflow. If an (approximately) isotropic vortex tangle
develops this remains stable, at least until the turbulent tan-
gle decays. Once a rectilinear array is restored the system is
again unstable, leading to a recurrent mechanisms that may
be linked to the trigger of pulsar glitches. A more detailed
analysis in the case of a polarized turbulent tangle should
be the focus of future work.
Note that as the modes in (98) are stable, we will not
consider isotropic mutual friction in the numerical analysis
in the following section.
7 NUMERICAL RESULTS
All the machinery needed to derive the general dispersion
relations for the various modes of oscillation of the two-fluid
system is presented in Appendix A. The final result is the
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Figure 3. Instability timescale versus wave-vector k for the DG instability, in which the counterflow and k are along the vortex axis
in the z direction. The colour coding expresses the real part of the oscillation frequency (note that the rotation rate of the star, i.e.
of the ‘normal’ component, is taken to be Ω = 100 rad/s). We consider the strong drag case with B = B′ = 0.5 and two values for
the background lag, a low value of vzn = 1 cm/s (left), and a high value (corresponding approximately to the maximum that pinning
forces can sustain), of vzn = 10
4 cm/s (right). In general we see that there are always mixed inertial-sound waves, that are unstable on
dynamical timescales, and are increasingly unstable on small lengthscales, and that for large enough background velocity lags, the whole
dynamical range is unstable.
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Figure 4. Dispersion relations (Real part of ω vs kz) for the crust (left) and core (right) of the neutron star, for a lag of vzn = 10
4
cm/s in the case of strong drag (B = B′ = 0.5), for the DG instability in which we consider the background lag along the vortex axis,
i.e. the z axis. We can see that there are mode crossings between families of inertial and sound waves, and in red we have the unstable
modes, which are modified sound-inertial waves. In the crust, in the presence of large entrainment, an additional unstable inertial mode
is present for negative values of kz . The shading identifies the region in which the scale of the horizontal axis is linear.
matrix M in (A25), which depends on some basic local quan-
tities that define how the system responds to a perturbation
in the velocity fields: the full matrix (or its determinant)
can be seen as a function of ω and k and depends on several
parameters, namely
M = M(ω,k ; vn,ω,Ω ; εx, ρx, αx, Ax, Cx, cx ; B,B′ ). (99)
Leaving aside the obvious dependence on the pulsation ω
and on k, the other parameters (that describe completely
the hydrodynamic state of the background configuration
when there is no turbulence and magnetic field) have been
formally divided into three sets, which helps us to discuss
their role.
The first set comprises the variables vn, ω and Ω:
they define the state of motion of the background configu-
ration in which the normal component rotates rigidly. We
allow for a stationary non-zero local velocity lag vn = wnp,
which is expected to be non constant on the stellar radius
length scale. Therefore, in a purely local analysis, the
background vorticity field ω is not expressible in terms of
the local (constant) value of wnp: only a true solution of
the unperturbed equations of motion would lead to locally
consistent values for wnp, ω and Ω, but would prevent us
to test the more general case in which the local direction
and magnitude of these vectors are chosen at will.
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The second set of parameters describes the local state
of matter in the stationary configuration. It can be further
divided into two subsets. The four parameters εx and ρx,
are defined by considering the first law of thermodynamics
(16) and their unperturbed value can oscillate: indeed, we
introduced the linear combinations (46) and (48) to express
their amplitudes in terms of the perturbed velocities (the
same is valid for the chemical potentials µ˜x, with the
only caveat that the unperturbed value of the chemical
potentials do not enter into the explicit expression of M).
The second subset comprises αx, Ax, Cx and cx, that are
related to second order derivatives of the internal energy
E: in a first-order analysis these quantities are fixed to
their unperturbed value and allow, together with the
unperturbed values ρx and εx, to express the fundamental
thermodynamic perturbations δρx, δεx and δµ˜x as described
in section 3.1.
Finally, the two parameters B and B′ define the “state”
of the vortex array (note again, that we only consider the
standard, anisotropic form of the mutual friction, and not
the Gorter Mellink form, as we have found modes to be
stable for this form of the mutual friction). We do not
consider variations of these parameters and their value has
to be fixed according to the mutual friction scenario that we
are interested to test. In the subsequent numerical analysis
we consider different possibilities, listed in table 2.
From the analytic point of view, writing down the full
matrix M is of little interest but its complete and explicit
form in components can be easily obtained with the aid of
any software for symbolic computation, as outlined in ap-
pendix A. Although extremely complex, also the full and ex-
act determinant of M can be obtained as well. At this point
we substitute a particular choice for the background param-
eters into the complete expression of the determinant; the
roots of detM(ω,k) = 0, which is a high degree polynomial
equation in the pulsation ω, can be computed numerically
for different values of k. By varying k and the parameters,
some branches of the dispersion relation ω(k) may result in a
positive imaginary part. The associated instability timescale
is then defined as
T (k) =
2pi
Im(ω(k))
. (100)
Since we worked within a purely hydrodynamic framework,
it is important to stress that not all the values of |k| are
physically meaningful. As also discussed in van Eysden &
Link (2018), the wave vector should be much smaller than
the inverse of the stellar radius, otherwise the effect of
stratification is expected to modify the dispersion relation
(namely, the background quantities have spatial dependence
on such length scales and cannot be considered uniform,
as in the present local analysis). Since the stellar radius is
about R ∼ 10 km, we should consider |k|  10−6 cm−1:
therefore, we expect the present analysis to be valid for
|k| ∼ 10−3 cm−1 since significant density changes are ex-
pected to occur on the length scale of about ten meters,
especially at the core-crust interface.
On the other hand, the definition of the superfluid
momentum and vorticity needs a suitable average on a
macroscopic sample of matter containing many vortex lines,
which average separation is expected to be of the order of
∼ 10−3 cm. Therefore, we expect the present analysis to
break down when the wave vector reaches the critical value
|k| ∼ 103 cm−1. For this reason, the region outside the phys-
ically interesting range 10−3 < |k| cm< 103 is shaded in the
plots of the instability timescales.
Considering the relative orientation of four different vec-
tors (vn, Ω, ω and k) leads to a huge parameter space;
therefore, in the numerical analysis we stick to the case in
which Ω = Ωzˆ and ω = 2Ω, while vn and k are chosen to be
aligned with one of the three directions xˆ, yˆ or zˆ, for a to-
tal of nine combinations1. However, for simplicity, only the
interesting cases that allow for unstable modes are shown in
figures and discussed.
First of all we consider the DG instability, for strong
and weak drag and in the ‘pinned’ scenario, which we mimic
by taking B′ = 1, but B = 0. In Figures 3 and 5 we plot
the instability timescale for strong drag (weak drag is qual-
itatively similar) and for pinned vortices, for varying values
of the background lag. In general we confirm the results of
the analysis in section 6.1.1, there exists a family of mixed
inertial and sound waves, that are unstable on dynamical
timescales, both in the core and crust. Mutual friction has
little effect on damping the instability (in fact it is at the
heart of driving it), and rather it is the lag that plays a role
in determining the onset of the instability. For small values
of the lag of vzn = 1 cm/s, corresponding to ∆Ω ≈ 10−5 in
the outer core or inner crust, assuming a radius of R ≈ 10
km, only the shortest length-scales are unstable. For higher
lags (vzn = 10
4 cm/s, ∆Ω ≈ 10−2) all the dynamical range is
unstable, and we can thus assume that once pinning allows
for a significant enough lag to develop, the array will go un-
stable, possibly playing a role in triggering pulsar glitches
or contributing to timing noise. In Figures 4 and 6 we plot
the dispersion relation for both the strong drag and pinned
case. We see that the nature of the unstable modes changes:
in the pinned case inertial modes are unstable, while in the
strong drag case (and we have verified that the same is true
for weak drag) the unstable mode is a modified sound wave.
In Figure 7 we consider the two-stream instability, in
which the background counterflow is taken perpendicular to
the vortex (and rotation) axis. Here again we confirm our
analytical results from section 6.1.2. There are mixed sound-
inertial waves (as can be verified from the dispersion relation
in Figure 8) that are unstable on dynamical timescales and
1 The presence of a non zero background lag may locally modify
the vorticity direction. However, in our local analysis the back-
ground lag is treated as locally uniform, while the local direction
of the vorticity depends on the large scale, global arrangement of
the background lag in the stationary configuration: we are there-
fore forced, due to the fact that the analysis is local, to assume
three independent directions for the wave vector, the velocity lag
and the vorticity. However, in the following analysis, we keep the
vorticity fixed along the z-axis (i.e. aligned with Ω). This as-
sumption, as well as the fact that we will use |ω| = 2Ω in the
background configuration, is not severe when the lag in angular
velocity is small compared to the rotation rate of the star. Note
that only the background vorticity is fixed, we account for varia-
tions in |ω| in the mutual friction.
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Figure 5. Instability timescale versus wave-vector k for the DG instability, in which the counterflow and k are along the vortex axis in
the z direction. The colour coding expresses the real part of the oscillation frequency (note that the rotation rate of the star, i.e. of the
‘normal’ component, is taken to be Ω = 100 rad/s). The setup us the same as in Figure 3, but here we consider the ‘pinned’ case with
B = 0 and B′ = 1, again two values for the background lag, a low value of vzn = 1 cm/s (left), and a high value of vzn = 104 cm/s (right).
We see that we still have unstable modes, although if one observes the dispersion relation in figure 6, it is clear that these are now inertial
waves and not mixed sound-inertial waves as in the strong drag case (the weak drag case is qualitatively similar to the strong drag one).
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Figure 6. Dispersion relations (Real part of ω vs kz) for the crust (left) and core (right) of the neutron star, for a lag of vzn = 10
4 cm/s
for the pinned case (B = 0,B′ = 1), in the case of the DG instability in which we consider the background lag along the vortex axis, i.e.
the z axis. Unlike in the strong drag case in Figure 4, the unstable modes (in red) are now clearly inertial waves. The shading identifies
the region in which the scale of the horizontal axis is linear.
the unstable range depends strongly on the magnitude of the
background counterflow velocity. For high values, as may be
expected from strong pinning, vxn = 10
4 cm/s, the whole
dynamical range is unstable, with the instability develop-
ing on similar timescales at all scales. For vxn = 1 cm/s, on
the other hand, only the smallest length-scales are unsta-
ble, and the instability develops on longer timescales, that
may be affected by other viscous mechanisms, such as shear
viscosity.
8 CONCLUSIONS
We have studied the modes of oscillation of a superfluid
neutron star, accounting for background counterflows and
including entrainment. We have considered the effect for
both standard HVBK mutual friction that arises if the vor-
tex array is straight, and the Gorter-Mellink isotropic form,
relevant for fully developed turbulence.
We find that for standard mutual friction there is always
a fast instability in the case of counterflow along the vortex
axis (which may arise, for example if the star is precessing,
or if vortices bend on a large scale), which is the neutron
star analogue of the Donnelly-Glaberson instability that is
observed in laboratory studies of superfluid helium. We also
confirm the existence of a rapid two-stream instability when
the background counterflow is perpendicular to the vortex
axis (as is expected if a difference in angular velocity between
the superfluid and the normal fluid arises due to pinning).
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Case ρn cn cp εn εp Ω |ω| ωˆ An,p Cn,p
Crust 4ρp 109 cm/s 0.51cn -10 -40 100 rad/s 200 rad/s zˆ 0 0
Core 4ρp 109 cm/s 0.51cn 0.15 0.6 100 rad/s 200 rad/s zˆ 0 0
Table 1. The two prototype cases, for the crust and core of the star, that have been tested in the numerical analysis of the determinant.
For each of these five cases we consider nine different relative orientations of the local lag vn and k and the three mutual friction scenarios
listed in table 2. Each of these cases has been investigated by considering two relative velocity speeds between neutrons and the normal
component: |vn| = 1 cm/s and |vn| = 104 cm/s
Figure 7. Instability timescale versus wave-vector k for the Two-Stream instability, in which the counterflow and k are taken perpen-
dicular to the vortex axis, in this case in the y direction. The colour coding expresses the real part of the oscillation frequency (note that
the rotation rate of the star, i.e. of the ‘normal’ component, is taken to be Ω = 100 rad/s). As in previous cases, we consider the strong
drag case with B = B′ = 0.5 and two values for the background lag, a low value of vzn = 1 cm/s (left), and a high value (corresponding
approximately to the maximum that pinning forces can sustain), of vzn = 10
4 cm/s (right). In general we see that there are always mixed
inertial-sound waves, that are unstable on dynamical timescales, and that for large enough background velocity lags, the whole dynamical
range is unstable.
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Figure 8. Dispersion relations (Real part of ω vs ky) for the crust (left) and core (right) of the neutron star, for a lag of vzn = 10
4 cm/s
for the strong drag case (B = B′ = 0.5), for the Two-Stream instability in which we consider the background lag perpendicular to the
vortex axis, i.e. the y axis (the vortex is taken to be aligned with the z axis). The unstable modes (in red) appear to be sound-inertial
waves. Note that for the pinned or weak drag case, no instabilities are present. The shading identifies the region in which the scale of
the horizontal axis is linear.
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Description B′ B R
Pinned vortices 1 0 ∞
Free vortices 0 0 0
Strong drag 0.5 0.5 1
Weak drag 10−4 10−2 ≈ 10−2
Table 2. The mutual friction scenarios considered in the numer-
ical analysis: for each case listed in table 1 we consider these four
mutual friction regimes.
We find that entrainment plays an important role in
the instability, and its effect is twofold. On the one-side it
extends the dynamical range over which inertial modes are
unstable in the crust, and but on the other it significantly
shortens the growth time in the core of the star.
When we consider isotropic Gorter-Mellink mutual fric-
tion we find that the previous instabilities are stabilized.
This suggests that once a large enough lag sets in, the in-
stabilities we have presented will disrupt the straight vortex
array and a turbulent tangle will develop. At this point the
system is stable until the turbulence decays and the pro-
cess will start again. It is thus very likely that transitions
to turbulence play a role in triggering pulsar glitches and in
timing noise (Peralta et al. 2006b; Melatos & Link 2014).
An important effect that we have not considered is that
of the magnetic field. The problem is complicated, as the
interior field configuration of a neutron star is generally un-
known, but van Eysden & Link (2018) found that for simple
field geometries the two-stream instability can be stabilized,
while the Donnelly-Glaberson instability is always present.
We have mimicked the effect of the magnetic field by study-
ing a setup in which the proton fluid is ‘clamped’ and not
affected by the mutual friction (to imitate the situation in
which it is held in place by magnetic stresses) and find that
the two-stream instability is still present in the weak drag
regime when entrainment is present. Future work should fo-
cus on the full problem, accounting also for superconductiv-
ity in the core and the interaction between neutron vortices
and superconducting flux tubes (Glampedakis et al. 2011).
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APPENDIX A: DERIVATION OF THE
DISPERSION MATRIX
In this appendix we provide a more self-contained descrip-
tion of how to perform the local variations by using directly
the plane wave ansatz and find the dispersion matrix of the
two-fluid system. In the following, the indexes x and y are
always meant to be different (x 6= y), while x and y′ can
assume the same value.
For clarity, let us list all the quantities that appear into
the Euler equations (1) as the entries of a vector Q, namely
Q = ( vix, ρx, µ˜x, εx, p
i
x, ω
i, ωˆi ) . (A1)
Note that the gravitational potential Φ is not included into
the set of variables that we perturb, as well as the mutual
friction parameters B, B′ and AGM . The angular velocity Ω
is also kept constant and defines the rotating frame in which
k and the pulsation ω of the plane wave ansatz (42) are mea-
sured. Since the quantities in Q are not all independent, it
is convenient to calculate their variation following the order
in the list. Once the quantities in Q have been expressed in
terms of the velocity fields only, the vector is expanded at
the frist order as
Q
[
vx + v¯x e
i(k·x−ωt)
]
≈ QB +
∑
y
∂Q
∂v¯jy
v¯jy . (A2)
Hence, the generic amplitudes Q¯ introduced in equation (44)
are obtained by means of the coefficients
Qyj = e
−i(k·x−ωt) ∂Q
∂v¯jy
∣∣∣∣
B
=
∂Q¯
∂v¯jy
∣∣∣∣
B
. (A3)
For ρx, µ˜x and εx the result has already been given in sec-
tion 4. From the contintuity equation we find the diagonal
elements ρxxj of the three 2× 2 matrices ρxy
′
j = δxy′ρ
xx
j , see
equation (46). Now, the thermodynamic relations of section
3.1 allow us to calcualte the explicit form of
µ¯x = µ
xn
a v¯
a
n + µ
xp
a v¯
a
p (A4)
and
ε¯x = ε
xn
a v¯
a
n + ε
xp
a v¯
a
p , (A5)
where the matrices µxy
′
j and ε
xy′
j have been given in equa-
tions (47) and (48) respectively. Using the result for ρxy
′
j ,
the final expressions read
µxxi =
c2x k
i
ω − k · vx + αxw
i
xy
µxyi =
Cx k
i
ω − k · vy − αxw
i
xy
(A6)
for the specific momentum and
εxxi = (αx − εx) k
i
ω − k · vx +Axw
i
xy
εxyi =
αyρy
ρx
ki
ω − k · vy −Axw
i
xy
(A7)
for the entrainment parameters.
At this point it is immediate to address also the varia-
tions of the momenta and of the vorticity. To give a concrete
example of how the linear combination (44) looks like when
applied to vectorial quantities, we start by formally writing
the momentum amplitude as
p¯ix = p
xn
ia v¯
a
n + p
xp
ia v¯
a
p . (A8)
Performing the expansion (A2) on the momenta defined in
(4) immediately gives
p¯ix = (1− εx) v¯ix + εx w¯iy + viyx ε¯x . (A9)
The last term can be expanded thanks to (A5), and (A2)
tells us that
pxxia = (1− εx) δia + wyxi εxxa
pxyi = εx δia + w
yx
i ε
xy
a .
(A10)
When the entrainment coefficients (A7) are inserted into
the above formulas, we see that the momentum perturba-
tions have a correction which depends on the coefficient Ax.
Not surprisingly, these terms are of the second order in the
background velocity lag; it is not particularly convenient to
neglect them here, but from the numerical point of view
these terms are expected to have little effect on the calcu-
lated dispersion relation.
The last ingredient that we need is to write the vorticity
perturbation in the same fashion of (44), namely
ω¯i = ω
n
ia v¯
a
n + ω
p
ia v¯
a
p . (A11)
Starting from equation (34), or applying directly (A2) on
the definition of vorticity together with (A5), it is straight-
forward to check that
−i ωnia = (1− εn) ijakj + ijlkjvlpnεnna
−i ωpia = εn ijakj + ijlkjwlpnεnpa .
(A12)
Alternatively, the above result can be found directly from
(A9) by observing that ω¯i = i iab k
a p¯bn. Similarly, the vari-
ation of the vorticity versor can be easily obtained by means
of the projector in equation (35).
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A1 Left hand side of the Euler equations
Let us define the right hand side of equations (1) as
Exi = (∂t + vjx∇j)pxi + εxwxyj ∇i vjx+
+∇iµ˜x + 2 ijkΩjvkx , (A13)
where the gravitational potential Φ and the centrifugal term
have been ignored: we are interested in the variation δEix and
these two terms only contribute to define the background
configuration. We extend the notation (42) to Exi , namely
δExi = E¯xi ei(k·x−ωt) , (A14)
where
E¯xi = Exxia v¯ax + Exyia v¯ay . (A15)
Using systematically the results obtained so far, a small
amount of algebra gives
i Exxia = (ω − k · vx) [(1− εx)δia + wyxi εxxa ] +
− ki(εxwyxa + µxxa ) + 2 i ijaΩj (A16)
and
i Exyia = (ω − k · vx) [εxδia + wyxi εxya ]− ki µxya (A17)
In a dynamical regime in which the mutual friction is zero
(i.e. in the rather ideal situation in which the vortex lines
can be considered free and no drag nor pinning interactions
act upon them), this result is sufficient to build the matrix
M of equation (45). More explicitly, the six equations of the
full linear system (45) can be also be written as
Mnnia v¯
a
n +M
np
ia v¯
a
p = 0
Mpnia v¯
a
n +M
pp
ia v¯
a
p = 0 ,
(A18)
where the indexes i and a run over the three spatial indexes
(the summation over a is understood). Therefore, it should
be clear that each block of the full matrix M can be obtained
as
Mxy
′
ia = Ex y
′
i a , (A19)
in the free vortex limit.
A2 Perturbing the mutual friction
In order to treat consistently the mutual friction term it is
convenient to start from the case x = n in (6), namely
fn = B′ ω × vnp + B ωˆ × (ω × vnp) . (A20)
Once the variation δfn has been obtained, the reaction on
the normal component will just be given by
δfp = −
(
δρn
ρp
− ρn
ρ2p
δρp
)
fn − ρn
ρp
δfn . (A21)
Note that this last equation is valid also for the Gorter-
Mellink mutual friction (10). In complete analogy with what
has already been discussed for equation (A15), we may write
f¯xi = f
xn
ia v¯
a
n + f
xp
ia v¯
a
p . (A22)
The calculation leading to an explicit form of the coefficients
fxy
′
ia is laborious and the final expression is complex enough
to be useless in an analytic approach. However, it is possible
to implement an exact procedure that can be solved by any
software for symbolic calculus. First, the amplitude in (A23)
can be formally obtained as
f¯xi = e
−i(k·x−ωt)∑
Q
Q¯
∂
∂Q¯
f¯xi [QB + e
i(k·x−ωt)Q¯] , (A23)
where the derivative is evaluated on the background con-
figuration. Therefore, the matrices in (A23) are computed
as
fxy
′
ij =
∑
Q
∂f¯xi
∂Q¯
∂Q¯
∂v¯jy′
∣∣∣∣
B
=
∑
Q
Qy
′
j
∂f¯xi
∂Q¯
∣∣∣∣
B
. (A24)
In this way, it is possible to find the complete matrix M of
equation (99): not surprisingly, its form is defined in terms
of the four 3× 3 blocks
Mx y
′
i j = Ex y
′
i j − fx y
′
i j . (A25)
The determinant of this 6×6 matrix is a huge rational func-
tion of complex coefficients, which numerator defines a high
degree polynomial in ω and in the components of k. The
roots of this polynomial define the dispersion relation ω(k)
of the oscillation modes of the two-fluid system. In section
7 the dispersion relations relative to some physically inter-
esting cases are studied numerically within the symplifing
assumptions that Cx = αx = Ax = 0. Notice that, accord-
ing to (A7), this does not imply that entrainment variations
are null (as it has been assumed in particular in (49) and
(50)).
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